
Mineral Physics I
Chapter 3. Lattice vibration
Section 2. Energy equipartition law and Dulong-
Petit law
Tomoo Katsura,

Bayerisches Geoinstitut, University of Bayreuth, Germany



Dulong-Petit law

q Dulong-Petit law: the molar isochoric 
heat capacity of solids is 3R (25 J K-1mol.-
1) at sufficiently high temperatures.
Ø R: the gas constant

q Heat capacities of solids are more or 
less the same.

https://en.wikipedia.org/wiki/Dulong%E2%80%93Petit_law



Derivation of Dulong Petit law -1 
Classical view of energy of a crystal
q Atoms in solid: oscillating and being bound by atomic bonding

Ø Kinetic energy of the i-th atom in 𝑗𝑗-th direction: 𝜀𝜀K,𝑖𝑖𝑖𝑖 =
𝑝𝑝𝑖𝑖𝑗𝑗
2

2𝑚𝑚𝑖𝑖
(3.3.1)

Ø Potential energy of the i-th atom in 𝑗𝑗-th direction: 𝜀𝜀P,𝑖𝑖𝑖𝑖 = 1
2
𝑘𝑘𝑖𝑖𝑗𝑗𝑞𝑞𝑖𝑖𝑗𝑗2 (3.3.2)

ü 𝑝𝑝𝑖𝑖𝑗𝑗: linear momentum of the i-th atom in the j-th direction
ü 𝑚𝑚𝑖𝑖: mass of the i-th atom
ü 𝑞𝑞𝑖𝑖𝑗𝑗: deviation of the i-th atom from its equilibrium position in the j-th

direction
ü 𝑘𝑘𝑖𝑖𝑗𝑗: “spring constant” for the potential energy in the j-th direction



Derivation of Dulong Petit law – 2
Sum of kinetic and potential energy
q Energy of a crystal = Total energy of atoms (𝐸𝐸T) = Sum of (kinetic energy in 
the 3 directions) + (potential energy in the 3 directions)
Ø 𝐸𝐸T = ∑𝑖𝑖=1𝑁𝑁 ∑𝑗𝑗=13 𝜀𝜀K,𝑖𝑖𝑖𝑖 + 𝜀𝜀P,𝑖𝑖𝑖𝑖

Ø = ∑𝑖𝑖=1𝑁𝑁 ∑𝑗𝑗=13 𝑝𝑝𝑖𝑖𝑖𝑖
2

2𝑚𝑚𝑖𝑖
+ 1

2
𝑘𝑘𝑖𝑖𝑖𝑖𝑞𝑞𝑖𝑖𝑖𝑖2

Ø = ∑𝑙𝑙=13𝑁𝑁 𝑝𝑝𝑙𝑙
2

2𝑚𝑚𝑙𝑙
+ 1

2
𝑘𝑘𝑙𝑙𝑞𝑞𝑙𝑙2 (3.3.3)

§ l = 3x0+1, 3x0+2, 3x0+3, 3x1+1, 3x1+2, 3x1+3, 3x2+1, 3x2+2, 3x2+3, …., 
3(N-1)+1, 3(N-1)+2, and 3(N-1)+3 = 1, 2, 3, 4, 5, 6, …, 3N-2, 3N-1, 3N



Derivation of Dulong Petit law – 3
Average kinetic energy
q The average kinetic energy of one atom in one direction using the Boltzmann 
distribution:

Ø 𝜀𝜀𝐾𝐾,𝑛𝑛 = ∫−∞
∞ ⋯ ∫−∞

∞ 𝜀𝜀𝐾𝐾,𝑛𝑛 exp −𝐸𝐸T/𝑘𝑘B𝑇𝑇 d𝑝𝑝1d𝑞𝑞1⋯d𝑝𝑝3𝑁𝑁d𝑞𝑞3𝑁𝑁
∫−∞
∞ ⋯ ∫−∞

∞ exp −𝐸𝐸T/𝑘𝑘B𝑇𝑇 d𝑝𝑝1d𝑞𝑞1⋯d𝑝𝑝3𝑁𝑁d𝑞𝑞3𝑁𝑁

Ø 𝜀𝜀𝐾𝐾,𝑛𝑛 =
∫−∞
∞ ⋯ ∫−∞

∞ 𝑝𝑝𝑛𝑛2

2𝑚𝑚𝑛𝑛
exp − �∑𝑙𝑙=1

3𝑁𝑁 𝑝𝑝𝑙𝑙
2

2𝑚𝑚𝑙𝑙
+12𝑘𝑘𝑙𝑙𝑞𝑞𝑙𝑙

2 𝑘𝑘B𝑇𝑇 d𝑝𝑝1d𝑞𝑞1⋯d𝑝𝑝3𝑁𝑁d𝑞𝑞3𝑁𝑁

∫−∞
∞ ⋯ ∫−∞

∞ exp − �∑𝑙𝑙=1
3𝑁𝑁 𝑝𝑝𝑙𝑙

2

2𝑚𝑚𝑙𝑙
+12𝑘𝑘𝑙𝑙𝑞𝑞𝑙𝑙

2 𝑘𝑘B𝑇𝑇 d𝑝𝑝1d𝑞𝑞1⋯d𝑝𝑝3𝑁𝑁d𝑞𝑞3𝑁𝑁

Ø 𝜀𝜀𝐾𝐾,𝑛𝑛 =
∫−∞
∞ 𝑝𝑝𝑛𝑛2

2𝑚𝑚𝑛𝑛
exp − �𝑝𝑝𝑛𝑛2 2𝑚𝑚𝑛𝑛

𝑘𝑘B𝑇𝑇
d𝑝𝑝𝑛𝑛 ∏𝑙𝑙=1,𝑙𝑙≠𝑛𝑛

3𝑁𝑁 ∫−∞
∞ exp −

�𝑝𝑝𝑙𝑙
2 2𝑚𝑚𝑙𝑙
𝑘𝑘B𝑇𝑇

d𝑝𝑝𝑙𝑙 ∏𝑙𝑙=1
3𝑁𝑁 ∫−∞

∞ exp −
𝑘𝑘𝑙𝑙 ⁄𝑞𝑞𝑙𝑙

2 2
𝑘𝑘B𝑇𝑇

d𝑞𝑞𝑙𝑙

∫−∞
∞ exp − �𝑝𝑝𝑛𝑛2 2𝑚𝑚𝑛𝑛

𝑘𝑘B𝑇𝑇
d𝑝𝑝𝑛𝑛 ∏𝑙𝑙=1,𝑙𝑙≠𝑛𝑛

3𝑁𝑁 ∫−∞
∞ exp −

�𝑝𝑝𝑙𝑙
2 2𝑚𝑚𝑙𝑙
𝑘𝑘B𝑇𝑇

d𝑝𝑝𝑙𝑙 ∏𝑙𝑙=1
3𝑁𝑁 ∫−∞

∞ exp −
𝑘𝑘𝑙𝑙 ⁄𝑞𝑞𝑙𝑙

2 2
𝑘𝑘B𝑇𝑇

d𝑞𝑞𝑙𝑙

Ø 𝜀𝜀𝐾𝐾,𝑛𝑛 =
1

2𝑚𝑚𝑛𝑛
∫−∞
∞ 𝑝𝑝𝑛𝑛2 exp − 1

2𝑚𝑚𝑛𝑛𝑘𝑘B𝑇𝑇
𝑝𝑝𝑛𝑛2 d𝑝𝑝𝑛𝑛

∫−∞
∞ exp − 1

2𝑚𝑚𝑛𝑛𝑘𝑘B𝑇𝑇
𝑝𝑝𝑛𝑛2 d𝑝𝑝𝑛𝑛

(3.3.4)



Derivation of Dulong Petit law – 4
Average kinetic and potential energy
q The average kinetic energy of one atom in one direction:

Ø 𝜀𝜀K,𝑛𝑛 =
1

2𝑚𝑚𝑛𝑛
∫−∞
∞ 𝑝𝑝𝑛𝑛2 exp − 1

2𝑚𝑚𝑛𝑛𝑘𝑘B𝑇𝑇
𝑝𝑝𝑛𝑛2 d𝑝𝑝𝑛𝑛

∫−∞
∞ exp − 1

2𝑚𝑚𝑛𝑛𝑘𝑘B𝑇𝑇
𝑝𝑝𝑛𝑛2 d𝑝𝑝𝑛𝑛

=

1
2𝑚𝑚𝑛𝑛

1
2 𝜋𝜋/ 1

2𝑚𝑚𝑛𝑛𝑘𝑘B𝑇𝑇

3

𝜋𝜋/( 1
2𝑚𝑚𝑛𝑛𝑘𝑘B𝑇𝑇

)
= 1

2
𝑘𝑘B𝑇𝑇 (3.3.5)

ü 𝑥𝑥 = 𝑝𝑝𝑛𝑛, 𝑎𝑎 = 1
2𝑚𝑚𝑛𝑛𝑘𝑘B𝑇𝑇

, ∫−∞
∞ exp −𝑎𝑎𝑥𝑥2 d𝑥𝑥 = 𝜋𝜋/𝑎𝑎, ∫−∞

∞ 𝑥𝑥2 exp −𝑎𝑎𝑥𝑥2 d𝑥𝑥 = 1
2

⁄𝜋𝜋 𝑎𝑎3

q Similarly, the average potential energy of one atom in one direction:

Ø 𝜀𝜀P,𝑛𝑛 =
𝑘𝑘𝑛𝑛
2 ∫−∞

∞ 𝑞𝑞𝑛𝑛2 exp − 𝑘𝑘𝑛𝑛
2𝑘𝑘𝐵𝐵𝑇𝑇

𝑞𝑞𝑛𝑛2 d𝑝𝑝𝑛𝑛

∫−∞
∞ exp − 𝑘𝑘𝑛𝑛

2𝑘𝑘𝐵𝐵𝑇𝑇
𝑞𝑞𝑛𝑛2 d𝑝𝑝𝑛𝑛

=

𝑘𝑘𝑛𝑛
2

1
2 𝜋𝜋/ 𝑘𝑘𝑛𝑛

2𝑘𝑘𝐵𝐵𝑇𝑇

3

𝜋𝜋/( 𝑘𝑘𝑛𝑛
2𝑘𝑘𝐵𝐵𝑇𝑇

)
= 1

2
𝑘𝑘B𝑇𝑇 (3.3.6)

ü 𝑥𝑥 = 𝑞𝑞𝑛𝑛, 𝑎𝑎 = 𝑘𝑘𝑛𝑛
2𝑘𝑘𝐵𝐵𝑇𝑇

q One freedom of both kinetic and potential energy has an average value of 1
2
𝑘𝑘B𝑇𝑇

Ø energy equipartition law 



Derivation of Dulong Petit law – 5
q One atom has 6 energy freedoms
Ø 3 for kinetic energy, 3 for potential 

energy
Ø the total energy of one atom at T: 
ü 3 + 3 × 1

2
𝑘𝑘B𝑇𝑇 = 3𝑘𝑘B𝑇𝑇

q The energy of one-mole solids at T: 
Ø 𝐸𝐸 = 𝑁𝑁03𝑘𝑘B𝑇𝑇 = 3𝑅𝑅𝑇𝑇

q The molar isochoric heat capacity:
Ø 𝐶𝐶V = 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 𝑉𝑉
= 3𝑅𝑅 (3.3.7)

Ø Dulong-Petit law
https://en.wikipedia.org/wiki/Dulong%E2%80%93Petit_law
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